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Principal and Agent in a2 Lexicographic Hodel

Jose Encarnacion, Jr.
1. introduction

The principal-agent probles concerns the determination of the
agent®s fee zg that the agent in pursuit of hils own inbterests will also

1/

advence those gf the primeipal. It is usually assumed that the two

parties have wvon Neumann-Morgenstern wbility functions which, however,
e

typically lead to complicated formulas for the agent's fee in contrast

to the simple linesr functions commonly cbserved (Stiglitz (1987)).

In this paper we will assume Itxicﬁﬁruphic preferences and view
the problem as a particular case of an arbitration medei. Undér the
assumptions, the solution satisfies four properties similar to those of
Nazsh {1950) amd it iz the only one that does so. It wiil be seen that
in the sense of this paper, less risk aversion implies a riskier cholce.
There is also a simple explanation for the agent's fee to be a linear

function of the monetary outcome.
2. An arbitration [ramework

Conzider twa persons wha =iieve that bw entering into an agreement

they can do better than otherwise. Let xh be the decision of persob

1
h =3, 2, and ageums that h evalustes the altermative X= [x7, 12]
in terms of the vector uh{I} - {u?{rj. ug{l}, siy ulenre u? 158
continuous function that orders ihe altermatives on the basis el

his ith criteriﬁn of choice. Letting IF?F mean that u?{:} » u?{y]

and II?Iy} mE AR u?cxj u u?[yj. asgume that h prefers x #o ¥
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if xPEy for some § And :I?y for-all [ < §. ¥Mriting ui{x} =
(100, wf0) and ulx) = (u,(xd, wy0x)y -..). et U(A) =
{ufx}] x € A} where A is The set of admissible alternatives. We

assume that U{A) is compact and connected. Defining

Ay = x €A, |wa E A G (TN yp?x: - (A k: IP?}}. iwl, 2, -

with Ag = A, put

- ] f
A" = A .l.l J-lﬂ

as the solution to the problem of fipding an x that aight be considered
L 2
fair and mutually acceptable.

A iz the zet of points in Ai_ that may be called ui-uptimul

1

{in the Pareto sense}, and A, would be the usual Paretop-optimal points

3
if each h had only the real valued utility functiom u?. There would
be no ob¥ious way of making a choice in A, If an arbiter were to

consider onfy u but A, ¢ A, narrows the choice by selecting points

1* i
that are also u:—nptilal. A further narrowing down makes use of u,.
1 R
1t uy and uw, give the same ordering on A, and tEFrefurn both

parties will make the same choice on A then UHJ} = UfA®) is a

2.
singleton set. In this case, dencting a possible solution by g(A} not

necessarily the solution A* = g"{A), Lemmas 1 and 2 in Encarnaciom

(1986) 2 directiy give
L]

Proposition 1. g = g* if and only if g satisfies the

following conditions 1 to 4.
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Condition 1 {invariance). The solution g{(A) is unchanged by an

arbitrary positive monotonic transformatieon u;: i =1. 2, 3; h=1, 1).

Condition 2 {symmetry}. If WU{A)} is symmetrical, them U(g{A)} =

{u} with ot el {U{A)} is symmetrical If for every x, wu{x) € U(A)

implies Zy: ufy) € U{A)} such that uI{:-:) = uI{}f} and u'lliy} = ul{ﬂ,}

Condition 3 {Pareto oplimality). No element of g(A) is Pareto

inferior to any element of A. {As usual, x is Pareto inferior th ¥

if one party prefers y to x and the other does not prefer x to y.)

Condition & f{ratiomal choice). If A< A' and AN g(A') 4 8,

then A N glA’) = gla).

Conditions 3 and 4 are the same as those of Nash. Condition 2 is
a multi-dimensional version of Mash's. Condition 1 of Nash involved the
positive linear transformation property of von Neumann-Horgenstern
utility functioms that Nash worked with. In the next section e
Formulation of the principai-agent relationship makes it a special case

of the abave model.
3. Principal and agent

Let =z = z(g. @} be the monetary culcome or result of the agent 's
activities” q = (g -=-s 9} 20 if @ is the true state of nature.
Letting 6 be the cusulative distribution fumction of =z, n.ss;.m that
3L - Gl’,z'}];"aqr » 0 feom 1y -wss M) For arbitrary z' except of
course where G(z') = 1. Write the principal‘s ordinal wtility {of the

usual kind) as W{z - f{z), ¢} where f£(z) is the fee paid to the agent,
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so0 z = fl{z) 1is the principal’s share, and the parameter ¢ §s5 the
psychic cost of being dependent on the agent for the outcome. We ussuue.
that because of safety-first considerations—see e.g. Telser (1955)—the
principal is concerned with the probability =(f, q) = Pri{W{z - f(z), c) 2
W}, W= being a satisficing level, but he would find it acceptable if

#w{f, q)} 2 o

The idea of an acceptable probability a is familiar from the
classical Neyman-Pearson rule which considers a specified probability of
avoiding a Type 1 error as acceptable; the standard statistical practice
of taking some probability level as good enough for the purpose, say, of
detecting batches of items containing more than a certain fractiom of
defectives is similar. Terms like “reasonsble risks" and "acceptable
risks” carry the same idea. It is natural then to say thu? the value of
a reflects the principal's degree of risk aversion: he is more risk
averse if a is larger. This sense of risk aversiom is different fro=
the usual one in the literature-—see e.g. Machina and Rothschild (1987)--
but conforms to the dictionary meaning of risk as chance of loss. Loss
here would occur with an outcome =z ¢ z*, where z* is given by

Wz - £{z*). c) = ¥,

o
Similarly, assume that the agent's ordinal uwtility is W¥W(f(z}. 9]
with 2V/3g_ < 0 all r and satisficing level V*, and that he would
consider it acceptable if &(f, q) = Pr{V(f{z), q) & V*} ismot less

than [B. We will refer to #(f. @) 2 B as the agent's safety condition.

Suppese that in order of priority the principal’s criteria of choice

are w=in{=(f, g), a}, the expected value E(z - £(z)}., and E(z).
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g E et umt- can be characterized by the coef-

2oesen @, WE CAR represent £ as a vestor and write

Since flz) = a. + a

i
Fic ients au. ﬂl
(£: @)= {x", x2) = x ‘using the notation of Sectiom 2. Put

ui{:} = giinin{ﬂ{x}, ahd

T

uplx) = g5(E(z - £(2)}) = gh(Bx))
1 : L
uq(x) 1~g;{E:z]} = g, (K{x})

where each g: is an arbitrary positive memotonic function and there-

fore 50 is each ui. Similarly for the agent,

urex) = 22 (minfs(x), B))

U0 = 2t = g20)
u50x) = EA(E(z)) = ga(Kix)).

Since the third criterion is the same for both parties, Proposition 1

applies, giving the solution say {f=, g~) € A®.

The assumption that both parties have E(z) as & common concern,
after their individualistic objectives, formalizes the ides that & person
is an agent of another if in some sense he acts in the I.ntmst of the
principal and therefore internalizes some objective of the latter.
Otherwise, if the agent were to be interested only in his fee, it seens
doubtful that thé principal would want a relationship with him. We
assume that the principal will not enter into one unless ={x) 2 a,

and neither will the agent unless §(x) 2 B. To avoid excessive
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repetition it will be undsrstood in all that Follows, unless indicated
otherwise, that this requirement is met, i.e. all (f, g} to be con-
sidered are such that (f, g) € A - The ralatiumsﬁip iz contracted for
one “peried”, but it could be renewed and maintained if both parties

find it satisfactory.

4. The individual maximization problems

Suppose 0 ¢ o €1 and O <P < 1. Given f, the agent's decision
q = Q(f) will saximize E(f{z}) = J{f, q} subject to w={f, gl 2 a amd

${E, g) 2 P. Write the latter as
(1) C(f, q) £ B

where C(f, q) =1 - #(f, g} and B = 1 = . In the neighborhood of the
solution Lo the agent's decigion problem, a higher 4r lowers & and
increases C, so (1) is like & cost constraint--"cost" being the pro-
bability ?E failing to mske the agent’s V* level. The agent will

maximize

JCE, q) + a(w(E, g} - a) + p(B - C{f, g))
which requires
3 3_+dm_ - pC_ 10 T, T
(3) . +am_ - )q =0 el eres B

where Jr £ EJfqu {zimilarly for He and ﬁf} and the Lagrange
multipliers (A, p) 2 0. One must have p > 0 in (2) =ince X2 0

and er. L Er} y 0. If 2=0, the problem reduces to the




uninteresting case where J(f, q)} iz maximized subject only to (1),
and the principal's safety condition w%(f, Q(f}) : & plays no essential
role in the model of Section 3.4” We therefore assume & > O so that

both safety conditions are satisfied as equalities. From (2) and {3}
[4) JI_,.'T.'T + lirf[.'r = if g >0

{5} q. =0 if JSC_ + du JC < p.

"

Thus the optimal g will include an activity with a low = _/C_
if its J./Cy is high enough, &s well as another activity s with a low
J /C, f its :g,ﬂ:; iz high enough. We propose to say that r has a
higher return thanp s if Jr,ﬂ'_:l_ » J:"m:‘ ard r is more risky (less
safe) than s if # /C_ < -:5,.-'11'5. {The optimel gq may therefore be a mix
of high risk high return and low risk low return activities.) With r
having a lower = /C_, it contrilutes less (relative to its marginal cosl)
towards meeting the = constraint, so it is less safe and more risky for
the purpose of making the principal’s ¥* Tlevel. At the same time, "ri‘t‘;'n
its higher C /=, it adds mcre (relative to its marginal cemtribution to
=} to the probahility of failing to attain the agent’'s ¥*, and is

therefore also risky In this sense.

To show the effects of a lower B (higher B) on the activity-amix,
consider any q. > 0. 9, >0, with r rigkier, so J /J_ 7 L BT
A higher q leve] made possible by dB > 0 §s clearly not optimal in
the presence of the higher return r. Keither is = simple increase in

q. with no change in q_. which gives only Jr"'H:r ¢ p=3JRB. Instead,
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SUppose qu = & dqr ¢ 0 where a = 'rf’a' which just maintsins the =

] =.0. Since

constraint with d= - dqr_+ n =

5
Jr - & J# = F{Er -8 C‘} ;

from {43, while 43 = Jr dqr ¥ J‘ dq! = (Jr - a Js}dqr and 4C =
EEr - a Esjdqr = dB, one would have dJ = pdB a5 called for by
daJf3B = p. In other words, thers will be a substitution of riskier for

safer activities. In short,

Proposition 2. Less risk aversion on the part of the agent impiies

a riskier hence higher return a:tivity—nix.Sf
L ] e

Because of the basic symmetry, it iz easy to show & similar result

for the principal with f nonlinesr in general. Given q = Qif). his
. m

g* Bpr ee- a_ in F{z) = a. 4 AT + ... 4+ L
5, possibly negative, so as to maximize Eiz - £{z)) = H(f, O(E))

problem is to choose! a

subject te $(f, Q(f)) 2 P and C%{f, G(f)) 5 B* where C*(f, Q(£)}} =

1 = wlfy GOEY) and B* = 1 — g Maximizing H(.) + 3*(8(.) - §)

+ p*{B* - C*(.)) reguires -
(4"} H“ff; toX SO N o
.

Looking aﬁﬁ{ﬂ} and (47), a straightliorvard adaptation of the previous

discussion gives
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P
Froposition 3. Less risk aversion on the part of the principal

implies a riskier anpd higher return aix of coefficients.
3. A positive model

If the agent alone were to decide the matter, he would select that
f such that (. Q(F)) € A; maximizes E(f(z)), choosing q = Q(f)
85 deseribed in Section &: if the principal, the maximand would be
E{z - £{z)) and he would choose f 85 described also in Section 4. In
general these two decisions would not coincide, making necessary the
presence of an arbiter to determine (£, Q(E*}) € A* in the podel of
Section 3. That model seems better thought of as primarily normative
gince it relies on an arbiter thet in fact doss not exist. For a
positive theory, we now postulate that model as holding without any need
for an arbiter.

L

i Linearity of the fee Ffunction
Let us say that f $s admizsible 1f (€, G(E)) is sdmissivis® ™
Suppose that to be admissible, £ pust be linear: f(z) = &, + &z, With
& and 8, providing only two degrees of !ti-ﬂﬁl. it is clear that
=€, UE)) = and (f, QUE}) = B will determine [ wnigquely, i.e.
(ER(E, Q(F)) € AI} iz a singleten, and therefore *I = A*_ This means
that once principal and agent have found an £ that meets their safety

conditions, they need look no farther: they have found (f=~, QEF*)Y € A,
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If nonlinear f's are admissibie, an arbiter would he required to

narrow down the choice from -*1 to A? ta Aﬂ = A*, Hence

Proposition 4. A, = A* [i.e., no arbiter is needed to determine
(E%, QCER3Y € A*] 1Ff and onlwdl admissible f£'s are linear.
The positive model of Section 5 therefore implies linear fee

functions es commonly observed,
7. Other considerations

In the foregoing we have implicitly assumed that the principal’s and
agent’s utility functions are known to each other. However, in practice

the principal’'s knowledge of the functional relatiomship q = Q{f) is
imperfect.

If ff{z) = Ay + B2 with O ¢ a, ¢ 1, the agent's decision
q = Qf) will maximize his E{(f{z)) = 8y * nlE{:} hence E{z) and
therefore also the principal's E(z - f{z)} = - L + {1 - &1} Efzd. ~If F
is not linear., clearly the agent's maximization of E{fE:j) =
E{z) - E{z - fiz)})} will not imply mazimization of the principal’s

{expected) share. This gives

S

Proposition 5. The agent’s decision implies maximization of the

principal’s Efz = £(z)) if and only if f{z) = 3, * a2 0« a]‘{ 1'}r.|5"'lr
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Thus if the principal wants teo make sure that his interests will be
a.;:l'-r?nf:f:d with the agent's when the latter maximi®es hiz fee, [ will bave
to be Iineor. This p:'nvidte:.. at & more practical kevel: o rotionale for
the observed facts.

¥With f lipear, the principal ml& want a smaller walue of the
rizkier coelficient and a higher value of the zafer one iF hizs a is
higher. ln‘i:he timiting case a = 1 which callks for- Wiz - £(z), ¢} &

Wy the principal in effect pequires a sure reétwniof -a. =0 given by

Q

,€) =W, That s, &, =1 1n f(z) =a, + 2.'' We could there-

Wi =
(-ag. €3 1 ¢

fore say that a . is riskier than a : & larger a, smaller a, mix

is riskii_r;l:;y the principal.

In the other limiting cose § = 1, the agent requires f(z) =

ag 0 Rao ‘1 =0, the Tw all Ehe riskﬂa"] where Ay ig
given by 'k(nu, q) = Vo, With li'tt‘j]-'-i- a5 he maximizes E(z)

henes " E{z)} - "Eﬁ' Efr - f{z)) for the principal. Professiponais who
charge [lal (ees, &.g: snst ﬂnﬁiﬂﬂ,m be im this category. In
the standard literature. the sgent will sxert no effort in a t!n’c_'EEt 3
srrangement. This might be pla ik -=.,'__ ngle-shot relationship fend
only if considerations of reputation are _ M!ﬁﬂrwt in ope
whitre the agent might be interested In m g the relatiouship.

in practice, each party makes his decisions only on the basis of
beilets which way turn out to be mistaken. If it turns -out that z ¢ z"

"o oftep"==recall T In W{z* = B{Ex)e) = W=—the principal would
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have reason to think that his original belief about w(f,q) 2 & was false.
He might then concliuwde that the agent does not exert enough effort, is
careiess, unreliable or incompetent. On the other hand, if the principsl
finds that the outcomes over time have been satisfactory, he may take the
peychic cost paramster ¢ to be lower than it was initially, peraitting o
lower walue of ¢, This may explain why-the principel can tolerate
poosrer results fromoan Tald® agent whose perfcormance bhad been adequate in
the pazt, but not the zame results froe & new agent. The latter is not

iikely fo be retained.

In similar Fashion, the agent would feel undﬁfpaid if WE(z). q)
¢ V* too often through no fault of hiz own. He may then want to

dizcontinue the relationship.
8. Concludiag remarks

A previous paper has shown that if the fws partias__i_zy a bargaining
problem have [exicographic preferences, there is an arbitration scheme
which_}s szimply a repeated application of Lhe Pareto oplimality pripciple.
If the two parties have the same third objactive, the molution satisfies
four Wash-type conditions and is the only selution that dees so. In the
present paper we have placed the principal-agent relutiun;hip irn. that
framework. Pursuing safety lirst, the principal will not put at exceszive
risk the attainment of a satiaficing ytility level. Hiz second objeclive
is to saximize his share of the monetary ocublcome. Sylletricnl!y. the

agent has similar criteria. and their common ohjective iz to maximize the
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value of the outcome. 4

Viewing risk as chance of loss, its di ‘hfn;ury meaning, loss is
i\:?‘i.fl&ﬁ]. The degree of

risk aversion is then the acceptable m‘ﬂ'@lllit.’ of no loss. Az one

incurred when utility is less than itz satis

sh.nuld rmlre. less risk aversion on Eﬂ |.'.|,Il"t- of the agent leads him Lo

make & ruku—r choice. %

f_‘],pal ly, since J.Wj‘thf@t i5 no arbiter, the positive model of

sty -l":.t o LAES

this paper mert the @gnnt"‘: Eﬂ must be a linear function of the
An a itﬁq.l rotionale Iﬁ-ﬁh common observation derives from

‘rith Dﬂ'l_'ltﬂ n. .-' : Famanuael 5. de Dins. : ::'- nowl edgement
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Notes

. See e.g. Spence and Zeckhauser (1971}, Ross (1973), Hirrlees
(1976Y, Holmstrom {1979}, Shavell {1979), Grossman amd Hart (1983),

Radner (1985). Page (1987).

2. 1n this reference the components of x are guantities of goods,

but x is clearly capable of a more general interpretation.

3. Alternatively, instead of productive activities in an cbvious
sense, the components of g wmight be thought of as pertaining to
different dimensions of work guality like carefulness and reliability in

addition to the usuval effort level.

&. If A= 0, the principal's safety condition would be & nonbinding
constraint also in his probles of maximizimg El(z - f(z)) = H{f. Q{t)) by
choice of (f, QME}) € Ai.

5. It is worth noting that the usual expected utility framework.
with its meanings for risk and risk aversion different [rom those in this

o,

paper, has not yielded a similar proposition.

. The major problem in standard theory of finding an appropriate
balance between risk sharing and incentives is thus bypassed: 1if the two
parties enter into a relationship, they find the risk sharing acceptable

because their safety copditions are satisfied, and since the fe: function
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»

»

is linear, the incentives are there.

7. One says in this case that thegﬁ!;nt takes all the risk, but his
i safety condition would still be Hﬁisfiad-?msﬁ as ' a strict
ineguality. j .
vy

~,
B. A similar remark as in footnote 7 applies here also.

-
-
B L]

iFep
- S -
By b 1 e
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